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ABSTRACT: This paper documents some of the historical steps in the development of the concept of procept. It then describes how these ideas have led to the construction of an emerging theoretical perspective on what constitutes versatile mathematical thinking and learning. Three parts of this theory are presented: process/object versatility; visuo/analytic versatility and representational versatility. Each of these aspects is illuminated by the use of data and examples gleaned from research projects in areas as diverse as algebra, calculus, linear algebra and statistics. It is hoped that it will be possible to infer how this developing conception of versatile mathematical thinking can be fostered and promoted in students.

Key words: APOS, advanced mathematical thinking, procept, representation, versatile, visualization

BACKGROUND 

Way back in 1969, as a first year Warwick University undergraduate, I was taught a course called Foundations of Mathematics by a young lecturer called David Tall (see Figure 1). I never imagined then that our paths would later become so intertwined. Two years later I took a course on Mathematics Education that he was teaching, and this was to mark my first encounter with Piaget, problem solving (e.g., in two dimensions what shape has the greatest area that can be pushed around a right-angled corner of width 1 unit?), and knots, which have been an interest ever since. Following graduation I was very happy teaching mathematics in secondary schools for the next 10 years or so, until I felt a need to engage with ideas that would again challenge me. 

[image: image79..pict]
Figure 1: A young Dr. Tall

During a chance meeting at Warwick University my undergraduate tutor, Professor Rolph Schwarzenberger, suggested that I talk with David about some mathematics education research he was engaged in. Thus in 1983 I was accepted by David as a part-time master’s student, while continuing to teach mathematics at Bablake School, Coventry. This heralded the beginning of my foray into mathematics education research, learning from someone who has displayed tremendous insight into many of the major issues involved in mathematical thinking and learning. This paper describes some of our joint work as well as developments arising from research that has built on those ideas.

HISTORICAL OBSERVATIONS—AN EMERGING CONCEPT

While studying at Warwick I was fortunate to be involved at the start of a period of great activity, including the construction of concepts that were to have a considerable international impact. One of these, of course, is the idea of a procept (Gray & Tall, 1991; Gray & Tall, 1994).  In many ways I am uniquely placed to chart some historical details of this emerging concept. It must have been around 1986 that I stumbled across a response from one of the 14 year-old students in my doctoral research who made what I thought to be an interesting comment about a fraction. I followed this up in a questionnaire by asking students to explain whether 
[image: image2.wmf] is the same as 6÷7, or not. The actual question was:

a) A girl wrote the following in a Mathematics test at her school. Write underneath each part in the space provided whether she was right or not and explain why you so answer. …

b) 
[image: image3.wmf] is the same as  6÷7

The results were quite surprising to me at the time, with a number of students, such as those whose work is shown in Figure 2, not seeing these as the same, explaining that one is a ‘sum’ and the other a ‘fraction’.

[image: image74.wmf][image: image4.png]
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Figure 2: Student work showing differentiation between process ‘sum’ and object ‘fraction’.

Commenting on this differentiated perspective on the symbols, I wrote in my PhD thesis (Thomas, 1988, p. 467) the beginnings of a foray into the world of versatility.

Of the 147 pupils given the questionnaire, 22.4% of them did not consider them to be equivalent, because, as they explained it, the former is 'a fraction' or '6 sevenths' but the latter is 'a sum' or 'a divided by' (see Figure 10.12). Thus a high proportion of children at this age see 
[image: image6.wmf] as an indivisible whole, an entity, propagated by the holistic mode of processing which very strongly evokes the concept of fraction for this image. However, for the imagery 6÷7, many pupils process this sequentially, since in their schemas the image is strongly linked to the concept of a process, or a sum rather than an entity, and they view the symbolism in three distinct parts, as 6 (value), divided by (process or operation) and 7 (second value). What these pupils lack is the versatility, described in Chapter 3, which would enable them to view either or both of these symbolisms or images in a global/holistic or a serialistic/sequential way.

As early as 1989 David and I were writing about this idea in a PME paper (Thomas & Tall, 1989) that also referred to the encapsulation of this division process as an entity (or an object as it is now usually described, e.g., Dubinsky, 1991; Dubinsky & McDonald, 2001). 

An interesting example of this, although arithmetic rather than algebraic, is the first question in table 1, where many of the controls did not consider the two notations as the [sic] equivalent because

“
[image: image7.wmf] is a fraction, 6÷7 is a sum”.

This is a good example of a response which is based on sound conceptual reasoning, but one that is limited because it implies the inability to encapsulate the process 6÷7, as a single conceptual entity. The encapsulation occurred far more often amongst the computer group, again underlying what we believe is a more flexible global view.


(Thomas & Tall, 1989, p. 218)

In our later paper in Educational Studies in Mathematics, written shortly afterwards but not appearing until two years later, in 1991, we refer to the process-product obstacle, where students are unable to see a symbolisation as standing for both the process and the object, which “requires the encapsulation of the process as an object”. Here can be seen the genesis of the idea of procept, applied to algebraic thinking, but without the semiotic signifier.

Another closely related dilemma is the process-product obstacle, caused by the fact that an algebraic expression such as 2+3a represents both the process by which the computation is carried out and also the product of that process. To a child who thinks only in terms of process, the symbols 3(a+b) and 3a+3b (even if they are understood) are quite different, because the first requires the addition of a and b before multiplication of the result by 3, but the second requires each of a and b to be multiplied by 3 and then the results added. Yet such a child is asked to understand that the two expressions are essentially the same, because they always give the same product. Such a child must face the problem of realizing that the symbol 3a+6 represents the implied product of any process whereby one takes a number, multiplies it by 3 and then adds 6 to the result. This requires the encapsulation of the process as an object so that one can talk about it without the need to carry out the process with particular values for the variable. When the encapsulation has been performed, two different encapsulated objects must then be coordinated and regarded as the “same” object if they always give the same product – a task of considerable complexity.


(Tall & Thomas, 1991, p. 126)

Later in the same paper (ibid, p. 144) we applied these ideas to the 
[image: image8.wmf] versus 6÷7 dilemma, saying “This reveals the perception of 6÷7 as a process involving value-operation-value rather than as a global entity – the single number – produced by this process.” Sadly, it turns out that many students have not progressed to the point where they have encapsulated the division of integers as fractions, but instead their fraction object is essentially a pseudo-encapsulation (Thomas, 2002—after Vinner’s, 1997, pseudo-conceptual), often based on a sharing conception, or a dividing of a whole quantity into equal parts.

Finally, it was the addition of strong evidence from Eddie Gray’s PhD on process-object occurrences in arithmetic learning that led to the generalisation of the idea, and cemented in place the now familiar concept of procept (Gray & Tall, 1994). More recently we have enlarged on some of our ideas on process-object thinking (Tall et al., 2000; Tall, Thomas, Davis, Gray, & Simpson, 2000). The latter paper considers the nature of mathematical objects, and in particular how encapsulation leads to a mathematical object. In recent years, for me, as may be seen from the quotation above from page 467 of my thesis, it has been an examination of the differences in thinking the examples highlighted, and analysing the versatility of thought necessary to cope with them, that has occupied much of my research over ten or more years. These two areas will be considered below.

DEVELOPING VERSATILITY

Examining the role of proceptual thinking

In a recent paper (Thomas, in print) I have described versatile mathematical thinking as comprising three aspects, and I would like to consider the development of my thinking about each of these, in turn, below. The first flows from the work I did with David, described above, and is what I describe as

process/object versatility—the ability to switch at will in any given representational system between a perception of particular mathematical entities that may be seen as a process or an object.

This could also be called proceptual versatility. One of the areas of the curriculum where the idea of process/object versatility was examined was in the relationship between the process of integration and the concept of integral. Working with a PhD student Ye Yoon Hong (Thomas & Hong, 1996; Hong & Thomas, 1997), we found that students generally had a process view of the integral symbol, and hence could not deal with an integral where the process could not be carried out. Two of the questions we used to examine this thinking were:

If  
[image: image9.wmf], then write down the value of 
[image: image10.wmf]. 
If 
[image: image11.wmf], then write down the value of 
[image: image12.wmf].

Our results showed that only 17.0% of 47 Form 7 (age 18 years) high school students were able to answer the first of these questions correctly, and 12.8% the second, while 59.6% were unable to make any response at all. The situation was similar at university, with 49.1% of 161 first year university calculus class students (age 17~22 years) able to use a standard procedure to find 
[image: image13.wmf] (surprisingly low) but only 27.3% and 22.4% respectively could answer the two questions above. Some students were rather resourceful in their efforts to circumvent the problem of considering the integral as representing an (area) object. For example, to introduce procedures, one student wrote 

Let 
[image: image14.wmf]  [interestingly, but not surprisingly, a function in x not t]

Then 
[image: image15.wmf] so 2a = 8.6 and a = 4.3. [no integration done]

Thus
[image: image16.wmf]. [using f(t–1)=f(t)–1]

A second example of this, a favourite of mine, is seen in Figure 3. Here the process-oriented student (Thomas, 1994) is so focussed on carrying out a process that he identifies the t as something he can integrate to get 
[image: image17.wmf], and so he does, taking the rather troublesome f as a constant whose value is to be found (f=2.15). Combining this with the expansion of 
[image: image18.wmf] as 
[image: image19.wmf] and integrating as before we get…the correct answer!

[image: image75..pict]Figure 3: The influence of a strong process-oriented view of integral.

These two examples demonstrate how far students with a procedural perspective will go to introduce known algorithms into a question where they lack the necessary conceptual understanding. Our belief was that investigation of the processes lying behind the concepts of integration would enable improvement of conceptual understanding, assisting with encapsulation. The research showed that it was possible to design curriculum materials using technology to do this and give an improved cognitive base for a flexible proceptual understanding of integral and other concepts (Hong & Thomas, 1998). 
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Figure 4: Understanding an integral procept as an object.

Figure 4 shows some of the work of students on the questions after such a programme. Here we see that the students were able to perceive the relationship between the first integration symbolism and the area object and to then operate on this area according to the change in the integration symbols. This is much different from process-oriented students, who need to carry out a procedure.

I have also spent some time investigating student understanding of differentiation procepts such as 
[image: image26.wmf] (Delos Santos & Thomas, 2001; Delos Santos & Thomas, 2003; Delos Santos & Thomas, 2005). Among our results, we found (Delos Santos & Thomas, 2001) that only 45% of 22 final year school students could make any interpretation of 
[image: image27.wmf] in 
[image: image28.wmf], and only 1 thought that it had anything to do with rate of change or gradient of a tangent. A possible explanation of this problem (Thomas, 2002) can be expressed in terms of the differences in the manner students perceive 
[image: image29.wmf] and 
[image: image30.wmf]. The first is often seen as a repeated application of the differentiation process, but there are problems interpreting 
[image: image31.wmf] in this way because it requires one to operate on 
[image: image32.wmf] as an object (in the differentiation process), and hence students with only a process view of 
[image: image33.wmf] meet a cognitive obstacle. One of the students in the study, Steven, epitomized the lack of an object perspective; when asked about 
[image: image34.wmf] he immediately responded in a process-oriented way, saying "I must differentiate." (Delos Santos & Thomas, 2003). 

In this same study we probed our students’ process/object versatility further by taking them into uncharted waters, presenting them with unfamiliar function constructions that required object perspectives. While the students were familiar with the composite function form f(g(x)), we employed the unusual notations 
[image: image35.wmf] to access their thinking. For the first of these Steven responded "the original function times the differential of the original function", and proceeded to illustrate this by multiplying the function 
[image: image36.wmf] by its derivative 4x. He followed through consistently for the second, describing it as "the differential times the differential" Thus when faced with an unfamiliar representational form Steven's recourse was to interpret the juxtaposition of f and 
[image: image37.wmf] (and later of
[image: image38.wmf] and 
[image: image39.wmf]) as a known operation or process, namely multiplication. Hence he operated with the result of a process 
[image: image40.wmf], but not on it as an object, as the composite function requires. James on the other hand displayed the ability to think of the symbol 
[image: image41.wmf] as an object, what he called the derivative function. He tried to interpret the symbols using specific functions, of the form 
[image: image42.wmf], and wrote: 


[image: image43.wmf]
  and  

[image: image44.wmf]
Using a graphic calculator he was able to generalise this, getting 
[image: image45.wmf], and recognise that the power would always be even. Moreover, he provided a graphical interpretation saying that “it’s always gonna be steeper than this original function …it’s also gonna be concave up”. Interestingly, when asked to describe 
[image: image46.wmf] he responded “that does imply second derivative”. Hence instead of applying the same composite function thinking he had used seconds before, he saw this as the second derivative 
[image: image47.wmf]. This could be the result of a strictly linguistic interpretation of the symbolism. Reading 
[image: image48.wmf] as f-dashed of x, may cause one to read 
[image: image49.wmf] as f-dashed of f-dashed of x. This in turn leads to James’ statement that “It’s the derived function of the first derived function.”, and a parallel with 
[image: image50.wmf], the second derivative, takes over. Whatever the reason this appears to be a common initial reaction to this unfamiliar proceptual symbolism.

The ideas surrounding process/object versatility, that started with my conversations with David years ago, continue to occupy my time, and more recently I have been considering their application to the learning of linear algebra (Stewart & Thomas, 2006a; Stewart & Thomas, 2006b). One problem we have identified here is in the definition of eigenvalue and eigenvector, often a form of:

A non-zero vector x is called an eigenvector of a square matrix A if and only if there exists a scalar ( such that 
[image: image51.wmf].

Analysing this equation from a proceptual perspective we see that the right hand side involves a process in which a vector is multiplied by a scalar, resulting in a vector object. However, the left hand side of the equation has a quite different process, with a vector multiplied by a square matrix. The potential difficulty for students in understanding the definition is to see that both processes can be encapsulated as the same vector object. We have found that students with a process perspective of the equation’s procepts do not see this. This lack has implications for understanding of the standard algorithm for finding the eigenvalues. Figure 5 shows a version of how this is often described in coursebooks or textbooks. 


[image: image52.wmf]
Figure 5: An ‘explanation’ of the move from 
[image: image53.wmf] to 
[image: image54.wmf].

Asked to reproduce and explain the missing steps in this transformation students had problems bringing the two processes together. Rather than multiplying either just the x, or both sides by the matrix identity In, as the student whose work is shown in Figure 6 did, others ran into process difficulties such as needing to subtract a scalar from a matrix, as seen in Figure 7. We concluded that this apparently simple step is not straightforward for many students, and the one-step jump tends to cause a focus of attention on 
[image: image55.wmf] rather than on 
[image: image56.wmf].
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Figure 6: One way of understanding the transition from 
[image: image58.wmf] to 
[image: image59.wmf].
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Figure 7: Failure to understand the transition from 
[image: image62.wmf] to 
[image: image63.wmf].

The research description above gives a brief indication of the fruitfulness of an investigation of the role of process/object versatility in mathematical thinking. No doubt there are still many other areas of mathematical thinking where a similar analysis will repay further dividends.

The role of visualization in versatile mathematical thinking

The versatility of thinking required to switch from a process view of symbol to an object view is only one example of the considerable flexibility needed in mathematical thinking. A second, which I have been thinking about since I wrote my PhD thesis (Thomas, 1988), is also described in a recent paper (Thomas, in print):

visuo/analytic versatility—the ability to exploit the power of visual schemas by linking them to relevant logico/analytic schemas.

In my thesis, and in papers since (e.g., Tall & Thomas, 1991; Thomas, 1995; Thomas, 2002; Booth & Thomas, 2000) I have described a model of cognitive integration that seeks to incorporate visual thinking into a description of versatility. This model (see Figure 8) comprises a first-degree knowledge structure, the elements of which are primarily mental images of various forms, 'existing in' the brain’s minor hemisphere. 


[image: image64.wmf]
Figure 8: A simplified model of cognitive integration.

These elements or states are connected to form schemas in a way similar to those of the largely language based, serialist/analytic second-degree structures of the left hemisphere, and are also constructed by Piagetian assimilation and accommodation, although not consciously. It is these first-degree knowledge structures, I contend, that give rise to global/holistic mental abilities. Piaget and Inhelder (1971, p. 366) have described evidence for the schematic nature of the mental imagery generated by these abilities, and say that 

If we use the word ‘scheme’ (scheme) to designate a generalization instrument …there are perceptual schemes, sensori-motor schemes, operational schemes, and so on. And in this senses there also exist imaginal schemes enabling the subject to construct analagous schemes in comparable situations…Imaginal figuration, on the other hand, is ‘schematized’ precisely in the ‘schema’ sense, though at the same time it may entail ‘schemes’.

We may glimpse this ourselves by thinking of the name of a town that we are very familiar with. Mentally naming the town and then concentrating on the rapid sequence of images which may appear and disappear we may conclude that those connected to the initial image of the chosen town are linked in a structure such that each image evokes others. With such a structured sequence of images we may even take a tour around the town, though it may be half a world away. Such a structure constitutes, I maintain, an example of the schemas of mental imagery. However, if these first-degree knowledge structures are to have value in the goal-directed mental activity of the individual, and their processing is to be acted upon, then a means of accessing the results of the goal-directed activity of this schematic thinking from the qualitatively different, conscious, logical/analytic schemas of the second degree must be included in a psychological model. This is achieved by introducing links between the concepts in each level of the model, facilitated by the flow of data between each hemisphere, across the corpus callosum. Hence it includes, not two separate knowledge structures, but two connected, distinct modes of operation, working in parallel, within an integrated whole. It is by means of the ‘vertical’ links between the levels, I contend, that the mental imagery schemas influence the higher-level cognitive functions of the mind. In the context of this model, visuo/analytic versatility may be defined as attaining the construction of meaningful schemas at both the higher and lower cognitive levels, as well as appropriate two-way, inter-level—that is, inter-hemispheric—links. Thus, such a learner is able to use the conscious higher-level relational schemas (with their serialist/analytic processing) in parallel with the unconscious lower level relational schemas (with their global/holistic processing), and, most importantly, to switch easily, although often unconsciously, between the two as and when appropriate.

I have applied the principles behind this theory of the power of visualization in a number of projects arising from my PhD work. For example, we tried to promote a versatile view of equation using a Dynamic Algebra computer environment (see Figure 9), which encourages students to construct equations in terms of variable and expression objects that can be simultaneously evaluated (Thomas & Hall, 1998). This approach emphasised the visual aspects of variable as a location or store and an accompanying label, and equation (as two equal expression boxes) in an environment where a number of processes for equation solving, including trial and error substitution and balancing can be investigated. After the visual module of work the 11 and 12 year-old students improved significantly in their ability to solve linear algebraic equations, including using a method of solution where most of them applied the same operation to both sides of the equation and ‘cancelled’ terms, for equations such as 5n + 12 = 3n + 24. We felt able to conclude that they had developed a more versatile view of equation.

[image: image65.png]=| Solving an equation by trial & error

Trial and Error_Choices

B a7
6u-5 = Su+4

u
6%23-5 5-23+4
138-5 115 +4
8.8 75

186





Figure 9: A screen from the Dynamic Algebra program.

A similar approach was employed (Graham & Thomas, 2000) to give students an improved understanding of generalised number or variable, using graphic calculators. The controlled experimental study showed that the visual mental model, using a graphic calculator, assisted in significantly improving student understanding of symbolic literals, regardless of their ability level, although the gains were particularly noticeable for the weakest students. The value of visualisation can be seen in the remarks of one student:

I think the STORE button really helped, when we stored the numbers in the calculator. I think it helped and made me understand how to do it and the way the screen showed all the numbers coming up I found it much easier than all the other calculators which don’t even show the numbers.

It appears that the way the graphic calculator screen preserves several computations on variables in view, along with the mental model, had assisted this student to think mathematically and make powerful connections. The flexibility to link visual and embodied thinking with analytical reasoning is an important part of versatile thinking.

The role of representation in versatile mathematical thinking

Versatility of mathematical thinking involves more than the two types of flexibility described above. Engaging in further discussion of these ideas with David Tall led me to consider further the role of representation in mathematical thinking. In my recent paper (Thomas, in print) I have described this third aspect of versatile mathematical thinking as:

representational versatility—the ability to work seamlessly within and between representations, and to engage in procedural and conceptual interactions with representations.

Following the leading of the field of semiotics introduced by Peirce (1902) and others, signs (icons, indexes, or symbols) are objects of thought that bring to mind their referent. While there are icons and indexes in mathematics, it predominantly comprises symbols, signs that have become associated with their meaning by usage (Peirce, MS404, 1894); becoming significant simply by virtue of the fact that they will be so interpreted. However, the signs are not usually isolated but are grouped together into families (Saussure, 1966), such as logic signs, algebraic symbols, matrices, or graphs. These groupings can be called representation systems, and the individual signs representations, making a representation a sign associated with a given system of signs.

Kaput (1989) drew a distinction between the way some representation systems (he also called them notation systems) are used mainly to display information and relationships (display notations) while others support a variety of transformations and other actions on their objects (action notations). An important class of mathematical activity involves manipulation of mathematical concepts both within and between these different representations, or “translations between notation systems, including the coordination of action across notation systems.” (Kaput, 1992, p. 524). While the ability to establish meaningful links between and among representational forms and to translate meaning from one representation to another has been recognised, and referred to as representational fluency (Lesh, 1999), I introduced the concept of representational versatility to include both this fluency of translation between representations, and the ability to interact procedurally and conceptually with individual representations (more details below).

Interacting with mathematical signs or representations can be a complex multi-stage process. One may interact with them by looking at the images or looking through them (Mason, 1992; Mason, 1995) depending on whether the focus of attention is surface or deep. For example, Laborde (1993a, b) described how one may see a geometric icon in two different ways. She talks about how a “Drawing refers to the material entity while figure refers to the theoretical object” (Laborde, 1993b, p. 49). Likewise, Fischbein (1993, p. 141) refers to how “successful geometric reasoning can be achieved when we stop considering only two distinct categories of mental entities (images and concepts) and we deal apart from them with a third type of mental object, the figural concept”.  In both cases looking through, or deep observation, requires linking of an image with a conceptual base, or schema. This process is part of the cognitive integration described above. Thus a surface observation of an icon may lead one to think that it may be a representation of a mathematical object, but in order to move to seeing it as a figure, referring directly to the mathematical object, requires interpretation. The perceived object needs to change role from an icon to a symbol. This interpretation involves the use of a link to an appropriate, existing second-degree mathematical schema to ascertain the properties of a rectangle that may be overlaid in memory on the first-degree drawing or representation. Thus the mathematical concept of rectangle, is a combination of a perceived icon, its object referent and data (properties) from the mathematical ‘rectangle’ schema. With many signs this process may have more than one stage and in order to produce a mathematical figure from a picture we need to pay attention to the essential property-revealing details of the picture in two steps. First we mentally or physically produce a diagram or figure from the picture, and secondly we need to overlay its conceptual properties in order to see the figure as representing the theoretical object (Booth & Thomas, 2000).

It has struck me as interesting that in all the analysis of process/object versatility the question of how representations other than those of the symbolic algebra representation system relate to the process-object conceptualisation of mathematics had not really been addressed.  Since mathematical concepts can clearly be perceived in this dual manner one would expect graphical, tabular, ordered pair, and other representation systems common in secondary mathematics, to be amenable to a corresponding analysis. 

When the interaction with a sign or representation progresses from observation to performance of an action on the representation, and learning from it, doing and construing in the sense of Mason (in print), then I describe the representation as becoming a cognitive tool (Thomas & Hong, 2001; under review). I propose (Thomas & Hong, 2001; Thomas, in print) that a crucial difference between a process and object tool interaction is that the former comprises a discrete, elementwise approach in terms of its parts (e.g pointwise for a function) while the latter requires a holistic perspective. 

Technology, such as graphic calculators, makes available some novel interactions such as the ability to solve equations by numerical processes by zooming in on solutions using tables of values (see Figure 10). This kind of dynamic interaction is not as simple as it appears. It is based on the continuity of the function and the Intermediate Value Theorem, and requires not a discrete, point-by-point view of the table of values, but a holistic focus on at least the part of the function revealed by the representation. 

	[image: image76.png]
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Figure 10: Dynamic interactions with a tabular representation using a calculator.

We have also tried to promote representational versatility by using a geometrical approach linked to algebraic representations with CAS calculators for the Newton-Raphson method for approximating zeros of functions (Hong & Thomas, 2002). We noted that local examiners' reports over a number of years, had stated that ‘many candidates had no geometrical appreciation of the Newton Raphson method.’ and so such students were reduced to calculation processes based on the algebraic formula 
[image: image66.wmf]. We employed a method based on the graphical representation and linked it to the algebraic representation by rearranging the equation of the tangent: 
y – f(x1) = f( (x1) (x – x1), with y = 0 when x = x2, to get 
[image: image67.wmf]. The algorithm used was to draw the graph of the function under consideration, choose a suitable first estimate, and then use the CAS to draw the tangent at the point and to find and display its equation. The representation is then acted upon in a conceptual way by using the symbolic manipulator of the CAS to solve f(x)=0, and find where the tangent crosses the x-axis. This method can then be repeated until the zero is found to the accuracy required, while zooming in on the graph to see what is happening. 

We found that this conceptual interaction with two CAS representations helped students to understand why the Newton-Raphson method works, and to form conceptual links between the graphical and algebraic representations. For example, Figure 11 shows how one student understood how the sign of f and f( (ie the gradient of the tangent) affect whether the second estimate is greater than or less than the first estimate (Hong & Thomas, 2002).

[image: image68.wmf]
Figure 11: Interacting with a geometric representation in a conceptual way.

Figure 12, shows another student interacting with a graphical representation and appreciating that the first estimate has to be sufficiently close to a for the gradient to be large enough for the tangent to cut between x=a and x=b. 

	
[image: image69.wmf]
	
[image: image70.wmf]


Figure 12: Interacting with a geometric representation in a conceptual way.

Our students also showed an understanding of how the choice of the first approximation to a root influenced the result, especially how the gradient at the point could be too small or be zero, with consequent problems:

Student A:
You can’t choose a max or min point or else you won’t cut the x-axis. Also the tangent could go towards the wrong root.

Student B:
It must be close to the root so the tangent gives you the nearest value. Also you can’t choose a stationary point as a first value.

As part of the study students were asked to construct a graph of a function to put the first and second estimates on opposite sides of the zero. This involves a consideration of the concavity required, and Figure 13 shows the result of the graphical thinking of one student who managed this task. 

[image: image71.wmf]
Figure 13: Interacting with a graphical representation in a conceptual way.

The idea of representational versatility has also found application in other areas of mathematics. Recently we have applied it to the learning of statistics (Graham & Thomas, 2005). A key part of promoting statistical thinking (Wild & Pfannkuch, 1999) is for students to develop a “curiosity for other ways of examining and thinking about the data and problem at hand” (Chance, 2002, p. 4). It seems that promoting an examination of a number of representations would form a crucial part of such thinking. To illustrate, a student might interact with a statistical data representation in a procedural or a conceptual manner. In the former they might perceive that what is required of them is to carry out a series of steps or actions on their part, while in the latter they would focus, not on a procedural algorithm such as calculating a summary value, but on an idea or concept; on statistical thinking. We suggest (Graham & Thomas, 2005, p. 9) that this is “more likely to create in the student an ‘object’ perspective of the data representation where they can consider the data and its statistical properties as a whole.” 

For example, when reflecting conceptually on the regression properties of a set of paired data the student may examine the graphical representation to gain an awareness of the overall pattern of the points. The switch of focus from process to object for such a data set is subtle, but in this case students may be encouraged to draw a line of best fit by eye and then consider each point in turn, calculating the vertical deviations from their line along with the sum of the squares of these deviations. This process approach can then progress into a conceptual interaction where the student is able to manipulate a property of the whole of the data as a single object. It is only when thus viewed holistically that questions about minimising the sums of the squares of the deviations and whether a straight line is the best model to fit, can take on meaning for the whole data set. They may then link to a symbolic algebraic representation to consider a suitable regression model, and once this has been found from working within this representation, the data set may no longer perceived as a set of discrete points (ie in a process manner) but rather as a single entity that may be represented by its regression function. It seems important to stress that in statistics the student’s interaction is sometimes with a representation of the original data, and sometimes with a mathematical model of the data. They need to appreciate when the representation they are dealing with depicts the original data and when it is one step removed from the data, being a theoretical model fitted to it. This is a key part of representational versatility in statistics.

In the above discussion I have tried to give a flavour of the growth of what I still see very much as a developing conception of versatile mathematical thinking. It is still clearly not complete and is very much a work in progress. Regardless of the extent to which the picture becomes clearer in the future, the exhilaration of the enquiry is assured. One key question that immediately follows from a description of qualities deemed favourable for learning is, rightly, “How can we promote and encourage such thinking in our students?” I am currently giving this some thought and hope that others may also infer from the thoughts presented how this may be done.

THE ROAD AHEAD

Over the past 23 years I have been able to work with David Tall in various capacities, writing some 14 papers together, and producing an edited book on Richard Skemp’s ideas (Tall & Thomas, 2002). Throughout this whole period I have been conscious of the debt I owe to him for the friendship that has helped refine many of the ideas we have tried to bring to fruition. I am hopeful that our productive collaboration will continue for some time to come, even though David will be ‘retired’. At present we are working together on a paper describing what we know, and can know, about mathematical thinking from brain studies. We are also just beginning to look ourselves at fMRI brain scans and what they may (or may not!) tell us about such thinking; so there is much more still to accomplish. 
I certainly appreciate the truth of what another of the world’s leading mathematics educators, the late Jim Kaput, wrote in a reference for me, when he said “He was fortunate to study with a pioneer in the field, Professor David Tall.” While this is most certainly true, to me (and I know Jim would have agreed) David has been much more than just a pioneer in mathematics education; I would suggest that his research has been, like Jim Kaput’s, of the highest possible order (see Figure 14). 
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Figure 14: Jim Kaput and David Tall: Two of the best.

His careful and thoughtful elucidation of theoretical concepts, coupled with his innovative uses of technology have often had, and will continue to have, a profound impact on teaching and learning. The advances he has invited us to follow also demonstrate that David Tall is not merely an excellent theoretician but is someone who cares deeply about the practice of mathematics education in the classroom and the lecture theatre. I know I am not the only person who has valued David’s keen insights and while I’m sure we all wish him a long and happy retirement, we are eagerly awaiting the publishing of ‘the book’.
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[image: image1.png]Definition 4.1. Given a square n x n matriz A, we can
sometimes find a non-zero vector v € R" and a corre-

sponding scalar ), such that

Av = Av.

@)

We call any non-zero vector v which satisfies (4.1) an
cigenvector of A, and the corvesponding scalar A an

cigenvalue.

The matrix equation (4.1) can be rewritten
(A=A

(42)
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