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NEGATIVE NUMBERS; CONCRETE AND FORMAL IN CONFLICT? 

L STREEFLAND 
Freudenthal Institute 

Utrecht,. The Netherlands 
. . . . 

Provisional results are reported here from developmental research on negative numbers in the upper grades 
of primary school. An attempt has been made to deal with learning strands both on concrete magnitudes or 
quantities and on formal constructs. the observation of individual learning process is the core of the 
·research. . The results show that - in the learners- a gradual shift takes place either from the realistic. context 
to the mathematical one or from the known mathemafical context to the new one .. 

. . . 

Negative numbers occurred differently in the history of mathematics. On the one hand they were connected with 
concrete magnitudesand quantities (e.g. possesses and debt) I and on the other hand with by-products of, or 
constructs to support the execution of algebraic operations. (Fischbein, 1987), .. . 
. This means that negative numbeJ'S· appeared both as concrete numbers and as formal mathematical constructs. 
Both manifestations provoked cognitive conflicts in mathematicians for centuries (Glaeser, 1981f; .. 

. For the fonrtal one no intuitions, to use Fischbein's terms (1987) can be. developed (or mental objects as 
Freudenthal (1983) would have called them). ... . 

. Moreover the existence of concrete manifestations of negative numbers blocked the· acceptance of negative 
numbers as meaningful mathematical through-things (or nooemena according to freudenthal (1983). And 'less 
than nothing','-3 < but (_3)2 > (2i' are controversial expressions indeed from the perspective of concrete 
niagnitudes or quantities. ..' . 

It was Hankel who solVed the problem of controversion in negative mlffibersdefmitely in 1867. Iohis 
'TheQry of complexlmmbers' he formulated his principle of permanence. This means that negative numbers ass 
an operational structure had to. fulfil the demand of algebraic consistency, that is obeying the law of distributivity 
of mUltiplication over addition. . . . . . 

E.g. Distributive law: (a + b) (c+d) = ac + ad + bc + bd, thus 
(4 + -3) (5+-4)= 4x5 + 4x-4+ -3x5 + '3x-4 = ? 

4x'4 permits a 'concrete interpretation (that means intuitive in Fischbein's terms or at the level of mental objects 
in Freudenthal's terms), namely '4 times a debt of 4 { ... r. '3x5 Can only be interpreted in the same manner it is 
replaced by 5x-3 due to the law of cOmmutativity and that is a formal, mathematical operation! Finally -3x-4 
needs 10 be interpreted as +12 in .order to achieve the same outcome as (4 + -3) (5 + -4) has. .. . 

So, according to Hankel's view; negative numbersafeafter all formal mathematical constructs. 

THE TEACHING OF NEGATIVE NUMBERS 
. The historical dilemma as described· briefly, . has its educational counterpart. One the one hand one cannot avoid 
'possess and debt', 'above and below sealevet' and so on; but at thesaIOe time it will be impossible to neglect 
the formal arguments to make the negative numbers 'full-grown' mmhematically. This means· that a course on 
negative numbeJ'S also needs to contain a learning strand aiming at formalisation, which means algebraising the 
structure of negative numbers (by-product approach).· . . . 

.. Because. of the cognitive controversion between· the tonianifestations of negative numbers and in order to 
avoid misconceptions in the learner because of falseconcretisations one alsO might choose for a by-product 
course only (cf. Liebeck, 1990,p. 238). 

An important question is now: Will such a course with learning strands on both concrete magnitudes or 
quantities .and.by-produC1S be possible? And derived from that:. What additional features should the by-products 
strand necessarily have? . 
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. mE PRESENT RESEARCH . 

. Kind . 
The research to .be reported here is exploratory, developinental research· (cf. Freudenthal, 1991, and Streefland, 
1991).' Such research .aims both at the devc)opmentof a prototype of a coutse (on negative numbers' in the 
present case> and. at bringing . forth theory regaf(lingthe teaching and learning of the subject (this . also includes 
extending the existing theory within the same general framework for mathematics education). 

TbeCourse .... 
WbatwiIl be reported ,here is based on a·courseconsistingoftwopart$ .. ~: Eventsatthebusst~p. The 
changes in occupation of the bus on ride; can be described by means of events, either expressed in. nurnberpalrs 
of passengers getting on and off the bus, for instance (5;10) or in single numberS expressing the change, ("5), in 
the niunberof passengers. Part 1I: Column subtraction from left to right, for instance: . 324 

.. ~-

134 
This way of calculation . can· evoke the need for . the construction. of the .. leamers'. persorulI . notation of. the 
shortages. Will it be possible· to subti"aClalSO numbers in shortage~notation? What happens m the hundreds'; 
tens'anduDits' positi~rt,hOwcan it be. related to busstop-events? And what is the roleefnumbers and their 
opposites? ... .. ..... .. . ',... ' . 

. N.B. DUferentcontexts will be explored later too, like <temperature' and 'dry and wet numbers in. locks': 

.. Additional Features of ,tbeCourse 
. As the fU"St example 'shows, the numberPafr appeanmceof .negative .numbers can be met· easily; one single 
negative number 'hides'and (infmite) set of number pairs. . 

The second example i~liesthatthe learners canapplytheir.known waY'of subtraction to find out how they 
should operate with shortages.. Theirnotmai,procedures. wither hands-on or with calculators act both as a 
framework for making plausible and for verification. 

Problem: 

31 people on the bus; 10 on and 2 off at the stop; how many ......... ? 
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Paradigmatic examples of pupil's work 

,'1 UI-t 

o 6 
11-
2 8 
3 9 
.., ID 

5 fI 

11+1-1-:6 
12 -1-4-1 =, 
, ~1-'~12 
., .. ,'+'0~iJ1 

The following characteristics draw antouUou: 
" -treating busstop-events from a change-in-occupation point of view; 

filling in busstop-tables eitheraIbitrarily or systematically; 
shifting from filling in aIbitrarily to systematically; 

~ 

- " meeting restrictions set by the context, for instance either starting or ending with the maximal numbers 
of passengers getting on and off the bus that are possible; 0 

(de~)contextualising and algebraising (cf. the number sentences). 

The Group 0 "" 

The group (17) consists of the two combined uppergrades of a priinaryschool ( 11-12 years) and is of average 
" ability. 

Methodology and Methods 
In general the observed learning processes are considered to be the starting point for the determination of 'How 
to proceed?' Asaoconsequence the question is not hoW" to achieve a set of predetermined goals for negative 
numbers, operations included, butiather °to fmd out how the learners' notions on negative numbers develop.o 

Therefore the observation of" the teaching "0 and the (individual) learning procesSes "are" at" the: core of the 
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researcher's activities. , 
The ongoing activities consist of a teaching experiment intervened by individual interviews. 

PRQVISIONAL RESULTS 
The results will be considc{ed, in relation to the· ai~ Qfc;levelopmetttal research (prototype' and 'theory). Since 
the results are 'still provisional (the research has not been' fmishcd yet), only some essential features can be 

, touched upon here. ' ' , ' , 

lIIdividual Learning, Pro(esses 
Part I: Events at the busstop; 
})iffe~ent aspects. Qfthe educational context fQr this part of the course were: 

tI coUaboration in practical work (worksheets) in small groups; 
• interactive SeSSiOIlS' opthe constru.ctiOIl& and productions by the learners which means discussing and 

, negotiating them; 
• producing PfQbleIIlS of bus stop events freely by way ,of assCSsment 

InterveJ}tiOIl& we~emade by means of (clerical) interviews. The buses 'drove c;lunng four lessons'. The 
assessm~t took place tmee montbs afte(Wards. The' different aspects wiUbe shown in an example of students 
work f1l'51. TIlelearoinghistof}'of the complete groQPwill becoIl&ic;lered from a c;louble perspective, namely: 

• theprCStmceQf(non)"'SYstematic tablcs (l), and 
• (de:')oontextualisation .and alg~msati,on (2); 

(1): For six problems the PQPUs filled in tables. Theftfth problem was disCU$sed in an interactive session. It 
was then that fiUfug in systematically was' d.isQqssed and reflected upon for the Vef)' fmt time with the group as a 
whole. The followingraoh ~ows th8t working systematically' improvedoonsiderably after the interaction. 

2 " 
1 2 4 

"p 

I 

5 

1 
in~rvention ' 

13' 8 

6 (3 months in 
between) 

7, 

7 

Intervention by interactive sCS$ion; assessment aft~ three months; n = number of pupils, 
p = problem number, problem 7 was a &ee production assessment task'concerning" 

, the invention of bus problems with tables and number sentences. 

It came out froiD the iIlterviewsafter the assessment that ail th~ pupils who did th~irtables systematically PartY 
in advanceQf the iIlteractiy~ se$sion $aid that they would have used cpt eventual secondopportunit}' to change 
their non-systematical tableS into sysematical ones. The aim was to develop the skills of connecting number 
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pairs and their (negative) outcomes. 
(2); 'Having the bus driving backwards' (db) was invented spontaneously by 8 out of 17 pupils for the 

following, problem: 

Two ofth~in were able to make fitting number sentenceslike 12 + 3 - 0 = 15. 
The challenge of the assignment of the assessment provoked the production of varying number sentences 

, according to features like (de)-contextualisation and algebraisation.The table on the next page contains the 
results. Three pupils even formulated rules like: ' ' " , 

'If you calculate the other way round, that is, from left to right, the pluses become minuses and the minuses 
pluses.' ' 

task db alg 

1 10 7 

2 5 2 

Number sentences (de)-contextualised and algrebraised 

N.B. This concerns a free production task again. The fall back in registered results can be explained by the kind 
of assignment, the time factorandciromstances likethat. ' 

, Part II: Column subtraction from Left to Right 
Here'it turned out that the problems were counter-intuitive as soon as an overall result was negative. For' 
instance: 

1823 

-9745 

8122 

"This one is wrong because there is nothing left from which you 

can subtract your debts. So I have a debt of 7922 
no debt ,.100 ----

So I have a debt of 7822 

As long as the shortages were not in the place with the largest value the operations performed by the pupils went 
well in general. 13 out of 17 pupils applied the notation with shortages in the assessment task, while the 
remainder fell back to their usual method. 'The rule was formulated that two shortages of the same. 'size' have a 
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difference of zero . 

. DISCUSSION 
The research showed thusfar that the historical conflict of the two manifestations of negative numbers is also met 
by the pupils of the group that participates in the experiment. Moreover it came out that the context of the . 
busstop provides for the possibility to notate number sentences in the opposite manner. This can be considered 
as· a prestage to notating them fonnally, Of to put it differently: It may be hypothesised that between the positive 
and the negative numbers there -from the learners point of view - seems to be an inteIjacent area where negative 
numbers occur iniplicitiy. It will be our further aim to chart this area. 

Finally it came out that the learning processes can be characterised by shiftinggra(!lually from a concrete to a 
partly fonnalised level. This shifting process consistS of different, subsequent shifts, that are provolked by 
reflections in the learner on what is going on. . 

Notes 
I. The names for negative numbers used by Brahmagupta (about 600a. C) referred to debt and· property. 
2.Lazare C~ot (1753-1823), writes,referring to operations with negative number: "A multifude of paradoxes 

and relative absurditi.es result from tile same notion; for instance, that -3 would be smaller than 2; 
nevertheless (-3i wOuld be greater than (2)2, that it to say that,considering two unequal quantities, the 
square oLthe greater would be smaller than the square of the smaller: This shocks every dear idea one may 
get, referring to the notion of quantity" (quoted from Fischbein, 1987, I.c. p. 99). 
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